THE ATKIN-LEHNER GROUP OF THE MODULAR CURVE X, (N)

CARLOS CASTANO-BERNARD

AssTrACT. Let X be the quadratic Dirichlet character of conductor N as-
sociated with a given real quadratic field K and X, (V) be the modular
curve from Shimura’s work on Q-curves of conductor 1 over K. We show
that the group W, generated by the Atkin-Lehner automorphisms ¢ of
X, (IN) is a central extension of an elementary abelian 2-group of rank n.
We also prove that w lies in the centre Z(W, ) of W, if and only if the
prime disciminant p* > 0, for each Q = p* exactly dividing N, with p
prime. Assuming Z (W) is cyclic, we conjecture that W, is isomorphic to
2},_+" or 211" if n is even and to the Pauli group P(,—1)/2, if n is odd.

1. INTRODUCTION

1.1. Statement of the main results. Let K be a real quadratic field and let
Q(¢) be the minimal cyclotomic field that contains K in some fixed algebraic
closure of Q. Note K is a subfield of the totally real field Q(¢)* = Q({+(™1)
and, assuming that ¢ is a primitive N-#/ root of unity, we have a diagram of
Galois field extensions

Q)"

ker(x)

K g

{k

Q

where x is the primitive quadratic Dirichlet character on the group § =
(Z/NZ)*/{—1,1}, and o is the non-trivial automorphism of K. It is well

known that G acts faithfully on the modular curve X;(/NV) via the diamond
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automorphisms (-). Let X, (IV) be the modular curve defined by the commu-
tativity of the following diagram of Galois coverings

X1(N)
kez(x)/
X\ (N) g
{10}
Xo(N)

where v denotes the projection of (1) to X, (N), for any r € G such that
r & ker(x). Let W be the group generated by the Atkin-Lehner automor-
phisms Wg, of X;(N), where ) runs through all positive integers that divide
N exactly. Let W, be the group of Atkin-Lehner involutions of X (V), which
is an elementary abelian 2-group of rank n, where n is the number of prime

divisors of V.

Theorem 1. For each exact divisor QQ of N the projection of W¢y on the curve
X, (N) defines a unique automorphism, which we denote wq. Let W, be the
group generated by the elements w ¢ and assume the natural group homomorphism
©: Wy, — W is not an isomorphism. Then @ fits into the exact sequence

1 —— {1,v} > Wy, —— W, > 1
and v lies in the centre Z(W, ) of the group W,,.

From the work of Hasse [4] we know that the genus field K™* of the qua-
dratic field K may be expressed as the compositum

K* = Q(/pi -, V/P})

where N = p}---p} is the decomposition of the fundamental discriminant
N into prime discriminants

. (—1)%1]7 if p is and odd prime,
] —4,48  ifp=2.

Theorem 2. For each prime power p* that divides exactly N, we have
Wk € A (WX)

if and only if the prime discriminant p* is positive. In particular, the central
extension in Theorem 1 splits if and only the genus field K* of K is totally real.

Computer calculations in the range N < 31,980 suggest the following
conjecture.
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Conjecture 3. IfW, has cyclic centre, then

W, 2i+"0721_+" if n is even,
Y Py, ifnisodd.

Here 217" and 2!*" are the two central extensions of an elementary abelian
2-group of rank n and centre of order 2, known as the Hall-Higmann [3]
extra-special 2-groups, where n is even. Their representation theory has been
studied by Quillen [7] and by Griess [2]. The group Pj may be defined by
letting P be the subgroup of GL(C) generated by the matrices

_ (01 _ (0 —i (1 0
*=\1o0) = o) =7\o0 -1)°

which are known from the work of Pauli [6, p. 608], and then let
Pk = {gl®®gk|glyvgk GPI} C GL2k<C)7

for each k > 1. It is a group of cardinality 41 known as the Pauli group on
k-qubits.

2. THE PROOFS

2.1. Proof of Theorem 1. After collecting together some material about mod-
ular curves and the Atkin-Leher automorphisms W, we show that they are
well-defined on the modular curve X, (V). This is accomplished in Lemma 1,
below. Then we show that W is a dimond automorphism and also a central
element. This is accomplished in Lemma 2 and in Lemma 3, respectively.
Then we proceed to prove Theorem 1.

Let Y1(N) be the moduli space that classifies ordered pairs (E, P), where
FE is an elliptic curve over C and P is a point of order NV on £, and let Y3(N)
be the (coarse) moduli space that classifies ordered pairs that classifies ordered
pairs (E, E') of elliptic curves E and E’ over C together with a cyclic isogeny
E — E' of degree N. As usual, let X;(V) and X((V) denote the corre-

sponding smooth completions. There are natural identifications

Xi(N)(C) = 97/T1(N)

ajld Xo(N)(C) = 97 /I'o(N),
Ty (N) = {(‘Z 2) ETo(N)|a,d=1 (mod N)}
and

To(N) = {(2‘ 2) € SLy(Z)[c=0 (mod N)}
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act on the extended upper half plane $* = $ U P!(Q) via Mabius transfor-
mations. The multiplication-by-r-map P + [r]P induces the diamond au-
tomorphism (r) of X;(/V), which may be represented by any matrix (¢ ) €
[o(N) such that

r=d (mod N).
From the work of Shimura [8, pp. 169, 172] the group

) ={ (4 1) e -1

is the congruence subgroup associated to the modular curve X, (N). So there
is a natural identification

X (N)(C) = §7/T (N).
Let @ be a positive integer exactly dividing V. That is, there is positive integer
@’ such that N = QQ' and (Q, Q') = 1. The matrix

Qr vy
WQ:(NZ Qt)’

where x, y, 2z, t € Z are such thatt = 1 (mod ()') and det Wy = @, nor-
malises I'; (V) and thus it uniquely determines an automorphism of X (V)
we shall denote W,.

Lemma 1. For each ) exactly dividing N the matrix W normalises I, (N') and
hence it uniquely determines an automorphism of X1(IN') which we shall denote
wuQ.

Proof. As in Diamond and Im [1, p. 56], for each () as above the automor-
phism M — WoMW, ! of the Hecke congruence subgroup T'o(N) induces

the involution oy of the group (Z/NZ)* defined by the commutativity of the
diagram

(Z/NZ)* 29 sy (Z/NZ)*

idx ()71

(Z2/QZ)* x (2/Q')* (Z/QZ)* x (Z/Q)*
Composing x with aq gives an even, primitive quadratic Dirichlet character
1 of conductor N. By uniqueness, 1) = x and thus

a(H) = H,
where H = Ker(x). Hence W, lies in the normaliser of I', (V) in PGL] (Q)

(cf. Proposition 2.2 of Im, Jeon, and Kim [5, p. 789]) and the lemma follows.
O
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Lemma 2. For each () that divides N exactly we have
Wé = <d>7
for some d € G.

Proof. Each automorphism 2 is represented by an Atkin-Lehner matrix

Qr vy
WQ:(NZ Qt)’

where , y,z, and t € Z are such that det(Wg) = Q). We have
1 Q2+ Qyz  xy+uyt
@WQ B (Nxz + Ntz Qt?* +Q'yz € Lo(NV).
Therefore
wg = (QF + Q'yz)
and the lemma follows. O

Lemma 3. If Q1 and Qo are prime powers that exactly divide N, the Atkin-
Lehner automorphisms Wey, and W, satisfy

(Wo,Wa,)?* = (W, Wa,)*.
Proof. Let ()1 and ()3 be exact divisors of N and for each i € {1, 2} consider

the Atkin-Lehner matrix
_ Qiri  Yi
Wa. = (Nzi Qiti) "

Clearly

1 b
M(WQ1WQ2)2 = <Z d> S F0(-]\7)

and
Q1Q2d = NQTx1y»20t1 + QT Q315+
NQ1Q2r172y221 + NQ1Q2y1 228119 + 2N Q1Q2y2z1t1t2+
NQ%:rjzylzth + N2y§zf.
Let Q) and )}, be such that Q1 Q| = Q2Q, = N. Then
d = Q1Qhz1ya20ts + Q1Qati 153+
Nxyxoyoz1 + Nyi2zotity + 2Nyo 2t ta+
Q| Qa1 21ty + QL Qhys 27
= Q1Qym11 20t + Q1 QatTt5+
Q) Qoo 21ts + Q1Q4y521  (mod N)
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Assume Q; = pi* and Q, = ph? are distinct prime powers that divide N
exactly and note that

Q1Q5=0 (mod N).

This immediately gives the congruence

d = Q1Q4x1y20ts + Q1Qatits + Q1 Qazayrz1ta  (mod N)

and the lemma follows. ]

The group W, is generated by the Atkin-Lehner automorphisms z+¢ auto-
morphisms, where Q = p* runs through the set of prime powers that divide
N exactly. Therefore

(@f)? = (Ba)?,
for all @ and B € W,. This is equivalent to the equation

B2 =2,
where v = «af3, again for all @ and 8 € W,,.. In other words, every square is
central. Hence W, is a central extension of an elementary abelian 2-group.

Lemma 2 implies that the exponent of the group W, is either 2 or 4. As-
sume that the natural group homomorphism

o: W, — Wy

is not an isomorphism. Then the exponent of W, is 4 and we have v, = v,
for some () exactly dividing N. As all squares in W, are central, we thus have

v € Z(W,) and Theorem 1 follows.

2.2. Proof of Theorem 2. Let ()1 and ()2 be distinct prime powers that ex-
actly divide the fundamental discriminant N. First we will prove a lemma that
gives a relation satisfied by Atkin-Lehner automorphisms W, on the modu-
lar curve X1(N). Then, by projecting the automorphisms Wy, to X, (N),
we get a corresponding relation for the automorphisms #+,. Finally, we ap-
ply quadratic reciprocity and its complements to the latter relation and prove
Theorem 2.

Lemma 4. The commutator of the Atkin-Lehner automorphisms W¢y, and W,
is a diamond automorphism. More precisely,

[Wa., Wo.] = (d),
where the element d € G is completely characterised by the three congruences
d=1 (mod (@Q:Q2)),
d=Qor; (mod Qu),
d= Q12 (mod Q).
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Proof- Let W, and W, be as above. A direct calculation shows that

oo wewa = (1) =5 (e 5).

where

A= NQ:1Qox1y120t2 — NQ1Q27172y120 + NQ1Q271y221t0 — NQ1Qay120t1t0+
NQixiyazo + NQ3y1 215 — Q1Q5x120t1 s — N7yiz)

B = NQuyryazats — NQuarysz1 — Q3Qawixays + QTQaw1Tayats +
Q1Q51175y1 — Q1Q313ay1ts + NQaxayizo — NQayryaz1ta,

C' = NQiQaw120t1ts — NQiQa20t Tty — NQ1Q3w221t1ts + NQ Q321 t1t5+
N?Qiz1yaz122 — N?Quinzats — N?Qowayr 2120 + N> Qayozita,

D = NQ1Q2x2y12001 — NQ1Qax122y221 + NQ1Q2x2ya21t1 — NQ1Q2y221t1t0+
NQya2ot? + NQjxiy 21 — QTQ3a 0t by — N2y5 27,

v = NQ 1 ypzot; + NQ3xoy121ts — QIQ51 170t 1ty — N2y13p212s.

These five integers are divisible by ()1 (2. More precisely,

Qf@z = Nuyy122ls — Noizoy122 + Noyozits — Ny 2ot ta+
Q1Q427 Y222 + Q1 Qayn 2115 — Q1Qawi oty by — Q1 Q4y1 25
QlBQQ = Qynypzats — Qhm1ysz — Qiatzays + Qi1 xayst:+
Qar175y1 — Qax1T2y1ts + QTay; 22 — Qiyiy2zats,
QlcQQ = NQ 112511t — NQ2pt3ty — NQowozitity + NQozt 1o+
NQhyr1y2z12 — NQyyr 25t — NQ\wayr 2120 + NQ a2t
Qib = Nxoy12ot1 — Nx122Yoz1 + Nxoyozits — Nyazitita+
Q1Qhy220t] + Q) Qo511 — Q1Qax1 20t by — Q1 QY571
= -1 (mod (@1Q2)),
leQg = Q1Q5m1Y2 2ty + Q1 Qamayr 21ty — Q1Q2x1Tot1ty — QL QYY1Y22120

= — Qix1t + Q1Qox1 2ot ty — Qaaty + Q1 Q2w 2ot o+
— Q1Qaz 1ot 1ty — 1+ Qra1ty + Qawaty — Q1 Q221298110
= — 1.
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Only the congruence and the last equality deserve an explanation. Expanding
the product on the left hand side of the equation

(Quaits — Q\y121)(Qaaaty — Qhyrze) = 1

immediately gives

Q1Qox12ot1t; =1 (mod (Q1Q2)'),

which yields
(1) D =—-1 (mod (Q:1Q2)").
Q1Q2
By making appropriate subtitutions with the help of
) Q21 = =1+ Quty
and
3) Q3292 = —1 + Qaaaty
we get
v
Qa: "

The last equation implies that
a b A B
<c d) =" (C D) € Lo(N)

[WQ17 WQQ] = <d>
From (1) we immediately have
d=1 (mod (Qle)/).

By making again appropriate subtitutions with the help of Equation 2 and
Equation 3, we get

and thus

d = — Nzayi129t1 + Nr122y2z1 — Nxayez1ts + Nyaz1tita+
Q1] — Q1Qaat ity + Qo) — QaQra1 25t +
Q1Qam1 Tty + Q1 Q4577
which clearly satisfies the congruences
d= Q.23 (mod Q)
and

d=Qt7 (mod Qs),

so the lemma follows. O
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It follows from the work of Weber [9, p. 322] that the fundamental dis-
criminant /N has a unique expression as a product of prime discriminants

N=pi...p,.

Moreover, the primitive character Y may be expressed as a product

X = Xpt -+ Xpp»

B (pi‘)
pr - _

and (:) is the Kronecker symbol. To simplify the exposition, assume that
p1 < p2 < ...pp. (So that p; = 2 if and only if N is odd.) The quadratic
reciprocity law and its supplements give

=) G)

if N is odd and

(5) X = Xpr (])—2) (p—n),

where x_4 is the non-trivial character modulo 4, xs is the even primitive qua-
dratic character modulo 8, and x_g = Xx_4Xs is the odd primitive quadratic
character modulo 8, otherwise. In order to prove Theorem 2 we divide into
cases depending on the first prime discriminant pj, as follows.

where

Case 1. The fundamental discriminant N is odd. In this case ()1 and )5 are

distinct odd primes. Lemma 4 implies that
d
~) =1,
(0)
for each prime divisor () of N such that Q) # Q)1 and Q) # Qo,
(@)= (@)
Q1 Q2)’

; 2 Q ‘

- (2)(8)- @)(G)-core

where last equality is the quadratic reciprocity law. In other words,

and

W@, = W Wq,
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if and only if either @)y = 1 (mod 4) or Q3 = 1 (mod 4). In particular,
we may conclude that wq, € Z(W,) if and only if (); = 1 (mod 4) and
Theorem 2 follows.

Case 2. The fundamental discriminant N is even and such that the prime dis-
criminant divisor p; = —4. Suppose that ()1 = 4, so ()2 is necessarily odd

prime. Lemma 4 implies that
d
Q

for each odd prime divisor () of N,
X—a(d) = x-4(Q2),

(&)

x(d) = x-4(Q2).
As N is positive and pj = —4 is negative, then x_4(Q2) = —1, for some odd
prime (). Hence wg, ¢ Z(W,). The remaining case is ()1 and ()2 are both
odd primes. But this case may be dealt with in a similar way as in Case 1 and
Theorem 2 follows.

and

So Equation 5 yields

Case 3. The fundamental discriminant N is even and such that the prime dis-
criminant divisor p; = 8. Suppose that )1 = 4, so ()2 is necessarily odd

prime. Lemma 4 implies that
d
(_) N 1’
Q

for each odd prime divisor @) of N,
X8(d) = XS(Q2)7

(%) = xs(Q2)-
Hence xs(d) = (&) Therefore

x(d) = xs(d)xs(d) = 1,

and

if p7 > 0 and
x(d) = x-s(d)xs(d) = x-4(d) = x-4(Q2),

if pf < 0. In the former case, we immediately have wq, € Z(W, ), while in
the latter case we argue as in Case 2 and conclude that w, ¢ Z(W,). Again,
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the remaining case is ()1 and ()3 are both odd primes. But this case may be
dealt with in a similar way as in Case 1 and Theorem 2 follows.
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