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Introduction | Algebras

Definition (Algebra).

An algebra over a field IF is a vector space A over [ together with a bilinear map,

AXA—A, (x,y) — xy.

Examples.
e gl(V) (the set of linear maps from V to V) with addition an composition.

e [ the algebra of quaternions.

e [ is a commutative algebra of dimension 1.
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Definition (Lie Algebra).

Let IF be a field. A Lie algebra L over F is an algebra whose bilinear operation Lie bracket

LxL—=L,  (xy)=[xyl,
satisfies the following properties:

[x,x] =0 forallxelL, (L7)
X Iy, zll + Iy, [zx]] + [z, [x,y]] =0 forallx,y,z € L. (L2)
Condition (L2) is known as the Jacobi identity. As the Lie bracket [, —] is

bilinear, we have
0=k+yx+yl=Dx]+ Doyl + . x]+ .yl = Doyl + Iy, xl.
Hence condition (L1) implies
x,y] = —ly,x] forallx,y € L. (LT)
We also see that (L1') = (L1) if char(F) # 2.
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Examples.

o R with the cross product (x,y) — x Ay forms a Lie algebra denoted by R%.

e Any vector space V has a Lie bracket defined [x,y] = 0 for all x,y € V. This
is the abelian Lie algebra structure on V. In particular F is a 1-dimensional
Lie algebra.

o If we define [x,y] := x oy — y o x in gl(V), then this is the Lie algebra called
the general linear algebra.

e In general, if we have an associative algebra A over F, then we may define a
new bilinear opereation [x, y] = xy — yx. A together with [—, —] is a Lie
algebra.
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Definition (Homomorphism).

If L, and L, are Lie algebras over FF, we say that a linearmap ¢ : L1 — Ly is a
homomorphism if
e([x,¥]) = [p(x), 0(y)] forallx,y € L.

Notice that in the above equation the first Lie bracket is taken in L; and the
second Lie bracket is taken in L,. We say that ¢ is a isomorphism if it is a
bijective homomorphism.

Example.
The adjoint homomorphism ad : L — gl(L) is defined by

(adx)(y) :==[x,y] VyelL.

The linearity of ad and (ad x) € gl(L) both follow from the bilinearity of the Lie
bracket, and
ad([x,y]) = adxoady — ady oadx

is equivalent to the Jacobi identity.
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Definition (Lie subalgebra).

A Lie subalgebra of L is defined to be a vector subspace K C L such that

[x,y] e K forallx,y € K.

Examples.

e Let sl(n,TF) be the subspace of gl(n, F) consisting of all matrices of trace 0.
For arbitrary square matrices x and y, the matrix xy — yx has trace 0, so
[x,y] = xy — yx defines a Lie algebra structure on sl(n, F).

e Let b(n,F) be the upper triangular matrices in gl(n, F). This is a Lie algebra
with the same Lie bracket as gl(n, F).

e If o : Ly — L, is ahomomorphism, then im ¢ is a Lie subalgebra of L,.



Introduction | Subalgebras and ideals

Definition (Derivation).

Let A be an algebra over F, a derivation of A is a linear map D : A — A such that
D(ab) = aD(b) + D(a)b V a,b € A.

Example.
e Themap (adx) : L — L is a derivation of L since by the Jacobi identity
(adx)ly, 2] = [x, Iy, 2l] = [y, [x, 2]l + [[x, y]. 2] = [y, (ad x)z] + [(ad x)y, Z].

Der A, the set of derivations of A is closed under addition and scalar
multiplication, and contains the zero map. Hence Der A is a vector subspace of

gl(A).

Moreover it can be proven that if D and E are derivations [D,E] =DoE —EoDis
also a derivation, thus Der A is a Lie subalgebra of gl(A).
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Definition (Ideal).

An ideal of a Lie algebra L is a subspace / of L such that

[x,y] €l forallxel, yel.

Condition (L1) implies we do not need to distinguish between left ideal and right
ideals.

Examples.

e The Lie algebra L is itself an ideal of L. At the other extreme, {0} is an ideal
of L. These are the trivial ideals of L.

e If o : Ly — L, is a homomorphism, then ker ¢ is an ideal of L.
e sl(n,IF) is an ideal of gl(n, F).

o LetZ(L):={xeL:[x,y] =0Vy € L}. This s called the centre of L and it is
an ideal since kerad = Z(L). Moreover Z(L) = L if and only if L is abelian.
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It is clear that every ideal is a subalgebra, but not every subalgebra is an ideal, as
seen in the following counterexample:

Counterexample.
e b(2,TF) is a subalgebra of gl(2, F), but note that

(1 4 o, WIS, O
V) @©)° A=\ W)

[ex1,en] = exn ¢ b(2,F).



Ideals and Homomorphisms | Constructions with Ideals

Suppose that / and J are ideals of a Lie algebra L. There are several ways we can
construct new ideals from | and J.
Examples.

e /NJisasubspaceofL,and [x,y] e InJforx € Landy € [N J, since they
are each individually an ideal, then I N J is an ideal of L.
e |+ JisasubspaceofL.LetvelLandu=i+jel+J then
[vul =[v,i+j] =[v,i] +[v,j] €+ J.
Therefore | + J is an ideal of L.
e The product of ideals defined by [/, J] = span{[x,y] : x € I, y € J} is by

definition a subspace. To show itis anideal of L,letx e ,y e Jand u € L,
then the Jacobi identity gives

[U, [va]] o [Xv D’v U]] + [yv [U’X]] =0 [U, [X,y]] = [Xv [Uy]] + [[va]vy]
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Where [u,y] € Jand [u, x] € I, hence [x, [u, y]], [[u, X],¥] € [I,J] and their sum
belongs to [I,J].
Lett € [I,J], then, for x; € I and y; € J, we may write

t=>cix,y]

where the c; are scalars. Now, for any u € L, we have

fu ] = [u, > eyl = > eilu b il
hence [u,t] € [I,J], so [I,J] is an ideal of L.

In the construction of [/, J], the particular case | = J = L is denoted as L’ = [L, L].
This is of course an ideal, but is usually referred to as the derived algebra of L.

Examples.

e sl(2,C) =sl(2,C)
o If L is abelian, then L’ = 0.
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If I'is an ideal of the Lie algebra L, then I is a vector subspace of L, and so we
may consider the quotient vector space L/l ={z+1:z € L}.

A Lie bracket on L /I can be defined by
W+lLz+1:=[wz]+] w,zel.

To be sure that the Lie bracket is well defined we must check that [w, z] 4 I does
not depend on the particular coset representatives w and z.

Supposew +/=w +landz+ /=2 +1. Thenw —w e landz —z €. By
bilinearity of the Lie bracketin L,
Ww,z]1=[w+w —w,2]
=w,Z]+[w —w,Z]
=w,z+Z -zl +[w —w,Z]
=[w,z] +[w,z —z] + W —w,Z].

Thus W + 1,2/ + 1] = [w,z] + 1.
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Definition (Quotient Algebra).

If I'is an ideal of a Lie Algebra L, then L/l is a Lie algebra with Lie bracket
wWH+Lz+1=[w,z]+I

Theorem (Isomorphism theorems)

(a) Lety : Ly — Ly be ahomomorphism of Lie algebras, Then ker  is an ideal of Ly and
im ¢ is a subalgebra of L,, and

Ly/ ker @ 2 im .
(b) Ifland J are ideals of a Lie algebra, then
(I+J)/Jd=1/(INnJ).
(c) Suppose that | and J are ideals of a Lie algebra L such that | C J. Then J/l is an ideal

of L/l and
(L/n/ /) =L/J.



Low-Dimensional Lie Algebras

We begin this section to identify how many non-isomorphic Lie algebras there
are and what approaches can be used to classify them. We will look at Lie
algebras of dimensions 1, 2 and 3.

Abelian Lie algebras are easily understood, as two abelian Lie algebras of the
same dimension over the same field are isomorphic, henceforth we consider
non-abelian Lie algebras.

If L is a non-abelian Lie algebra, then its derived algebra L’ is non-zero and its
centre Z(L) is a proper ideal.

It is clear that any 1-dimensional Lie algebra is abelian since
[ax, Bx] = aB[x,x] = 0.
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For dimension 2, we have the following theorem.

Theorem (Classification of two-dimensional Lie algebras)

Let IF be any field. Up to isomorphism there is a unique two-dimensional non-abelian Lie
algebra over F. This Lie algebra has a basis {x,y} such that its Lie bracket is described by
[x,y] = x. The centre of this Lie algebra is 0.

Proof

Suppose L is a non-abelian Lie algebra of dimension 2 over I, then L’ cannot be more than
1-dimensional, since if {x, y} is a basis of L, then L’ is spanned by [x, y]. We conclude it is
1-dimensional, as it is non-zero, otherwise L would be abelian.
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Take a non-zero element x € L’ and extend it to a vector space basis {x, y} of L, then we
have a non-zero element [x, y] € L', otherwise L would be abelian, thus we may write
[x,¥] = ax. If we replace y := oy, the structure of L is preserved and we obtain
[x,y] =x.
It remains to verify that this bracket satisfies the Jacobi identity. Let x,y,z € L, where
z=ax+by
[x, Iy, ax + by]l-+[y, [ax + by, x]] + [ax + by, [x, ]]

= [x, Iy, ax] + [y, byll + Iy, [ax, X] + [by, X]] + [ax, [x, Y]] + [by, [, ]]

=[x, Iy, ax]] + [y, [by, X]] + [ax, X] + [by, X]

= [Xs _a[x7y]] + [y7 _b[X'y]] - b[x7y]

= —a[x,x] — bly,x] — b[x,y]

=0.
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If L is a non-abelian 3-dimensional Lie algebra over a field I, then we know only
that the derived algebra L’ is non-zero. It might be of dimensions 1,2 or 3.

We will only consider when it has dimension 1. We will try to relate Z(L) to L’ to
obtain further information on the classification of such Lie algebra.
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Theorem (The Heisenberg Algebra)

There is a unique 3-dimensional Lie algebra L such that L’ is T-dimensional and L’ C Z(L).

Moreover it has a basis f, g,z where [f,g] =z € Z(L).

Proof

Take any f, g € L such that [f, g] is non-zero; since L’ is 1-dimensional, the commutator
[f,g] spans L’ and because L’ C Z(L), [f, g] commutes with all elements of L.

Setz := [f, g], then f, g,z form a basis of L and by bilinearity, all other Lie brackets are
already fixed. |
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It only remains to investigate the case where L’ is 1-dimensional and L’ ¢ Z(L).
To do this we'll need the following result

Lemma

Z(Ly @ Ly) = Z(L1) ® Z(Lp) and (L1 @ Lp)" = L} @ L7, where

[(x1:%2), (Y1, ¥2)] = ([x1, 1], [X2, ¥2])-

Proof
Note that

(x1,%2) € Z(L1 & L) < [(x1,X2),(11,¥2)| =0Vy €L
< (x1,01],[x2,¥2]) =0V y1 €Ly, y2 €Ly
< X1 € Z(Ly) and xp € Z(Ly)
< (x1,%2) € Z(L1) ® Z(L2)

20
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(x1,%2) € (L1 @ Ly)’ x1,X2) € span{[a,b] : a,b € L1 Ly}
2) = > aylak, byl

(
(
(0, %2) = > k(8,1 a,2); (bk,1, bk 2)]
(
(

X1,

<

x1,%9) = > k(@K1 bl [ak .2, bi.2])

X1,X2) (Z aklag 1, bk ], Z aglag.2, bkﬁz])

X1 € Ljand x; € L),

[ A

(x1,x2) €Ly L]

21
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We'll first construct a Lie algebra with the desired properties by using the above
lemma.

Consider L = Ly & Ly, where L, is 2-dimensional and non-abelian (the Lie algebra
descirbed by [x,y] = x) and L, is 1-dimensional. By the lemma

L'=LieL, =L

hence L’ is 1-dimensional. Moreover, Z(L) = Z(Ly) & Z(L,) = Ly, therefore L' is
not contained in Z(L).

22
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Theorem

Let F be a field. There is a unique 3-dimensional Lie algebra over F such that L’ is
1-dimensional and L’ is not contained in Z(L). This Lie algebra is the direct sum of the
2-dimensional non-abelian Lie algebra with the 1-dimensional Lie algebra.

Proof

Pick a non-zero element x € L’ ¢ Z(L), thus there must existy € L such that [x,y] # 0,
then they are linearly independent. By the Theorem of Classification of two-dimensional
Lie algebras, we may assume that [x, y] = x. We then extend {x, y} to a basis {x, y, w} of
L. Since x spans L’, there exists scalars «, 3 such that

x,w]l =ax, [y,w]=pBx.

23
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We claim that L contains a non-zero central element z which is not in the span of x and y.
Forz=Xx+uy+vwel,

[x,z] = [X, XX + py + vw] = pux + vax,
Iv,2] = [y, A + py + vw] = =X + vfBX.

Taking A = 8, u = —acand v = 1 we have [x,z] = [y,z] = 0 and z is not in the space
spanned by x and y. Hence L =span{x, y}@span{z} as desired. a

24
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WEe'll end by studing some properties of the important Lie algebra sl(2, C) (the
2 x 2 matrices with complex entries and zero trace).

Theorem

gl(2,C)/sl(2,C) = C

Proof
Notice that tr : gl(2,C) — C is a Lie algebra homomorphism, for if x, y € gl(2, C), then
tr[x,y] = tr(xy —yx) =trxy —tryx =0

so tr[x, y] = [trx,try] = 0.
Clearly ker tr = sl(2, C). By the first isomorphism theorem we have

gl(2,C)/sl(2,C) = C.

25
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The following matrices form a basis of sl(2, C).

(Y6 ()

Proof

Notice that

(xe+,8f+'\/h—<’y a>
B -

so the list spans sl(2, C), and since it is linearly independent, it is a basis.

Moreover, we have

[e.fl=h, [h,fl=—2f [he]=2e.

26
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sl(2, C) has no non-trivial ideals.

Proof

First note that because [h, f] = —2f and [h, e] = 2e, it suffices to show that if | # 0, then
hel.

Suppose | # 0, and let x = ae + Sf + ~vh be a non-zero element of /. Now consider
(ad h)(x) = [h, ce + Bf + vh] = 2ae — 23f
(ad h)?(x) = [h, 2ce — 23f] = 4ae + 45f
Since / and ideal, (ad h)?(x) € I, thus vh = x — %(ad h)2(x) is also in I. Hence v = 0 or
hel.

If v = 0,then (ade)(x) = Bh,again 3 =0orh € I. If y = 8 = 0, then (ad f)(x) = —ah.
Since x is non-zero, we are done. O

27
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Corollary

Z(sl(2C)) = 0, sI(2,C) =sl(2,C).

Proof

Both Z(sl(2C)) and sl(2, C)’ are ideals of sl(2, C), since sl(2, C) is not abelian
Z(sl(2C)) # sl(2, C), thus Z(sI(2C)) = 0 and because sl(2,C)’ # 0,sl(2,C)’ = sl(2,C). O

It also can be shown that sl(2, C) is the unique 3-dimensional Lie algebra over C
suchthatL =L

28
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